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Chandrasekhar made the startling discovery about nine decades back that the mass of compact
object white dwarf has a limiting value, once nuclear fusion reactions stop therein. This is the
Chandrasekhar mass-limit which is ∼ 1.4M for a non-rotating non-magnetized white dwarf. On
approaching this limiting mass, a white dwarf is believed to spark off with an explosion called
type Ia supernova, which is considered to be a standard candle. However, observations of several
over-luminous, peculiar type Ia supernovae indicate that the Chandrasekhar mass-limit to be signif-
icantly larger. By considering noncommutativity among the components of position and momentum
variables, hence uncertainty in their measurements, at the quantum scales, we show that the mass
of white dwarfs could be significantly super-Chandrasekhar and thereby arrive at a new mass-limit
∼ 2.6M, explaining a possible origin of over-luminous peculiar type Ia supernovae. The idea of
noncommutativity, apart from the Heisenberg’s uncertainty principle, is there for quite sometime,
without any observational proof however. Our finding offers a plausible astrophysical evidence of
noncommutativity, arguing for a possible second standard candle, which has many far-reaching
implications.
PACS numbers: 02.40.Gh, 97.20.Rp, 04.20.-q, 97.10.Nf, 71.70.Di
1. INTRODUCTION
Einstein’s theory of general relativity (GR) and quan-
tum mechanics are considered to be among the greatest
discoveries in the twentieth century. GR is undoubtedly
the most panoramic theory to explain the theory of grav-
ity. It can easily explain a large number of phenomena
where Newtonian gravity falls short. It also helps to un-
derstand the stability of Chandrasekhar’s mass-limit for
the white dwarf with finite radius. White dwarf is the
end state of a star with mass . 8M, where the in-
ward gravitational force is balanced by the force due to
outward electron degeneracy pressure arising from Fermi
statistics. Moreover, if the white dwarf has a binary part-
ner, it starts pulling matter out off the partner due to its
high gravity, resulting in the increase in the mass of the
white dwarf. When it gains sufficient amount of mat-
ter, beyond a certain mass, known as the Chandrasekhar
mass-limit (currently accepted value ∼ 1.4M [1] for a
carbon-oxygen non-magnetized and non-rotating white
dwarf), this pressure/force balance is no longer sustained
and it sparks off to produce type Ia supernova (SNIa) [2].
The luminosity of SNIa is very important as it is used as
one of the standard candles to measure the luminosity
distance of various objects in cosmology.
However, recent observations have questioned the com-
plete validity of GR near the compact objects. For ex-
ample, in the past decade, a number of peculiar over-
luminous SNeIa, viz. SN 2003fg, SN 2006gz, SN 2007if,
SN 2009dc [3, 4] etc. have been observed, which were
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inferred to be originating from white dwarfs of super-
Chandrasekhar mass as high as 2.8M. In this scenario,
the Chandrasekhar mass-limit is well violated. Differ-
ent theories and models have been proposed to explain
this class of the white dwarfs. Our group started explor-
ing the significant violation of the Chandrasekhar mass-
limit based on the effect of magnetic fields [5, 6]. Subse-
quently, there are enormous interest in re-exploring the
Chandrasekhar mass-limit by introducing various new
physical effects in white dwarfs. Some such physics
are (1) effects of strong magnetic field leading to sig-
nificantly super-Chandrasekhar mass: quantum, through
Landau orbital effects above the Schwinger limit 4.414×
1013 G, which affects the equation of state (EoS) [7],
and classical: through the field pressure affecting the
macroscopic structural properties [8–11]; (2) modified
gravity effect, leading to significantly sub- and super-
Chandrasekhar mass-limits [12–14]; (3) ungravity effect
[15]; (4) consequence of total lepton number violation in
magnetized white dwarfs [16]; (5) charged white dwarfs
leading to super-Chandrasekhar mass [17]; (6) general-
ized Heisenberg uncertainty principle [18]; (7) effects of
momentum-momentum noncommutativity in the white
dwarf matter and hence the equation of state, leading to
super-Chandrasekhar mass-limit [19]; and many more.
It is however important to emphasize that the super-
Chandrasekhar white dwarfs are predicted from indirect
observations. In other words, till date, none of the super-
Chandrasekhar white dwarfs have been detected directly.
Therefore, nobody can rule out any of these theories,
or single out the exact theory of their existence. Per-
haps time will determine which one is the key theory.
In the premise of astrophysical phenomenology, the said
anomalous brightness has been attempted to explain by
plausible non-ideal properties, such as departure from
ar
X
iv
:1
91
2.
00
90
0v
2 
 [g
r-q
c] 
 1 
Ju
l 2
02
0
2spherical symmetry and collision of the debris with a bi-
nary companion or other surrounding matter, off-center
or otherwise asymmetric thermonuclear burning and pos-
sible instabilities in the flow due to uncertain opacities of
the site, etc. [20–27]. However, none of the ideas could
explain the existence of progenitor white dwarf mass as
high as 2.8M, as inferred from observation mentioned
above.
The plan in the present work is to introduce position-
position and momentum-momentum noncommutativi-
ties, in addition to the Heisenberg algebra, and analyze
their effects on white dwarfs. Many researchers ear-
lier used the idea of noncommutativity to explain the
physics of various systems. Madore [28] introduced the
idea of fuzzy sphere, which later has been used to de-
scribe Landau levels [29–32]. Similarly, noncommutative
(NC) geometry has been used to describe the physics
of compact objects such as black holes, neutron stars,
etc. [33–37]. In the presence of noncommutativity, one
can show that it not only shifts the event horizon, but
also removes the essential singularity of the black hole
spacetime at its center. Eventually, many researchers
have used different forms of NC geometry to describe
various other problems of physics related to fundamental
length scale, Berry curvature, Landau levels, etc. [38–
43]. However, unfortunately, there is no direct way to
confirm the natural evidence of such noncommutativity
and hence it still remains as a hypothesis. Neverthe-
less, our observable universe abides by position-position
and momentum-momentum commutative rules, which
implies that two position coordinates and two momentum
coordinates can be measured simultaneously. However,
at a very small length scale (and/or at a very high en-
ergy regime), the position and corresponding conjugate
momentum follow the Heisenberg’s uncertainty principle
(i.e. they do not commute). The additional propos-
als are that position-position noncommutativity arises
[35–37, 39, 40] at the very high energy regime, e.g. at
Planck’s scale. On the other hand, the density and the
corresponding energy scale of white dwarfs are signifi-
cantly lower than those at the Planck’s scale and, hence,
any implementation of the position-position noncommu-
tativity in white dwarf matter may be considered at a
faith of strong hypothesis. Moreover, the Chandrasekhar
mass-limit arises from the interplay of pressures due to
fermionic statistics and gravitational attraction. One
of the important outcomes of NC geometry is that the
statistics of particles gets modified due to the starproduct
[44, 45]. Effectively a fermion behaves less of a fermion
and, hence, the repulsive pressure among the ‘dressed
particles’ is reduced, and/or allowing collapse continuing
till smaller radius, with more mass accumulated to attain
stability. Therefore, although the scale of NC geometry
in quantum spacetime namely Planck length is too small,
the coherent effect of large density of white dwarf can en-
hance the effective NC scale to a larger value. This will be
argued with the realistic densities of white dwarfs taken
into account.
One way of interpreting this noncommutativity is the
existence of spacetime magnetic field, almost equivalent
to Landau quantization. In the case of Landau quantiza-
tion, position coordinates perpendicular to the direction
of magnetic field become NC in the presence of external
magnetic field and, hence, the corresponding generalized
momentum components also become NC. It is a single
parameter, i.e. field strength, which controls the non-
commutativity of position and momentum coordinates.
Now, the hypothesis in NC geometry is that in place of
external field, there is an effective inherent magnetic field
in the spacetime itself at the microscopic level. If so, at
which length scale such a field, equivalent to external field
producing Landau orbitals, becomes significant is a big
question mark. However, if noncommutativity is present,
with the analogy of external field effect, a single parame-
ter should control both the position and momentum non-
commutativities apart from the Heisenberg’s uncertainty
principle. Note that the position-position noncommuta-
tivity is more fundamental in order to describe the NC
universe and the momentum-momentum noncommuta-
tivity may arise as a consequence of it. Indeed it is a
matter of fact that the curvature in position space leads
to the noncommutativity in the conjugate momentum
variables. Interestingly, in the energy dispersion rela-
tion, only the momentum-momentum noncommutativ-
ity parameter appears explicitly, hence mathematically
speaking, whether position coordinates commute or not,
that does not matter. However, given the lack of in-
formation at this scale, it is not generic to assume only
momentum-momentum NC relation.
Recently, momentum-momentum noncommutativity
has been hypothesized, keeping however position-
position commutativity intact [19], which has also been
argued to be a dynamical noncommutativity. How-
ever, as discussed above, NC geometry primarily offers
a position-space noncommutativity which may lead to a
momentum-momentum noncommutativity as well, sim-
ilar to the effect of external magnetic field in Landau
quantization. Moreover, the said work [19] argues the
mass-limit of white dwarf to be 4.68M, which is counter
intuitive to the observations. One may assume that at
a high central density ∼ 1010 g cm−3, such possibility
may arise, if the noncommutativity effect is triggered at
such density/energy. Indeed, it was shown earlier that
such a high mass-limit of white dwarfs is not ruled out
in the presence of magnetic field [46]. Nevertheless, the
idea those authors proposed was that the field pressure
(acting outward) and field density as well as tension (may
act inward) would help to gravitate the star and hence
to hold extra mass [46]. It is a macroscopic effect, unlike
what is proposed based on the momentum-momentum
noncommutativity by the authors [19], which is purely
microscopic. However, at a low density, e.g. near the
surface of white dwarf or the low central density white
dwarfs, which are often evident observationally [47], the
same noncommutativity effect should be inactive and the
known observations should be explained. This should
3be considered to impose constraint on the NC parame-
ter. However, the authors [19] seem did not pay atten-
tion to this important physical fact and to explain the
low central density white dwarfs. Any successful theory
should be able to explain entire set of observations (for
the present purpose, both high and low density white
dwarfs). In fact, the authors [19] neither considered gen-
eral relativistic treatment nor fully explored the mass-
radius relation, which are inevitable in order to assess
reality of the results. The former is important to estab-
lish that the limiting mass of the white dwarfs is at a
finite radius and finite density; thereby providing an in-
stability point in the mass-radius curve which is missing
in the Newtonian treatment. The latter will assure the
consistency of the results at the low density regime, by
fixing the NC parameter at the center.
The present work fairly overcomes both the short-
comings along with the misleading previous results [19]
and shows that a single NC parameter can control both
the position- and momentum-space noncommutativities,
similar to the magnetic field, which affects the underlying
microphysics and thereby the stellar structure. Further-
more, we constrain the NC parameter appropriately to
reveal the known low density results by the same formal-
ism. We show that with proper constraints, the mass-
limit is actually ∼ 2.6M, which has already been re-
ported from observations. The plan of the paper is as
follows. In Section 2, we discuss the formalism of the
noncommutativity based on which we calculate further
the energy spectrum or the dispersion relation in Section
3. Eventually we use this relation to obtain the degen-
erate equation of state for the electrons in Section 4. In
this section, we also discuss about the noncommutativity
parameter which defines the energy spectrum. Further
in Section 5, we obtain the mass-radius relation along
with new mass-limit of the white dwarf in the presence
of noncommutativity before we conclude in Section 6.
2. NONCOMMUTATIVITY MODEL
The NC algebra on the two dimensional plane has a di-
rect link with the Landau quantization in the presence of
magnetic field. The Landau problem is perhaps the sim-
plest example of a system exhibiting spatial or momen-
tum noncommutativity. By explicit investigation, one
can find that the projection of coordinates to the Landau
levels results in a NC algebra between the position coor-
dinates of a particle in a two-dimensional plane. Inspired
by the consequence of Landau effect, we propose our NC
algebra. For relativistic electrons of mass me moving in
a three-dimensional space where x− and y−coordinates
constitute a NC Moyal plane [48, 49], our proposed NC
Heisenberg algebra (NCHA), satisfied by the operators
(xˆi, pˆi), goes as follows
[pˆj , pˆk] = iθjk, [xˆj , pˆk] = i~δjk, [xˆj , xˆk] = i
θη2
4~2
jk,
[xˆj , zˆ] = [pˆj , pˆz] = 0, [zˆ, pˆz] = i~,
[xˆj , pˆz] = 0, [pˆj , zˆ] = 0, (2.1)
for j, k = 1, 2 where subscripts 1 and 2 respectively im-
ply x− and y−components of respective variables. Here
θ is the NC parameter, η an arbitrary constant which
takes care of the dimension of the position-position non-
commutativity, ~ the reduced Planck’s constant, δjk the
Kronecker delta tensor and jk the antisymmetric Levi-
Civita tensor. Since only the x−y plane is noncommuta-
tive, the motion along z-direction is free and commutes
with the x and y coordinates. This apparently violates
the SO(3) symmetry. This can however be restored for
a system with θ = 0 as it recovers the Heisenberg alge-
bra. Nevertheless, for θ 6= 0, which is the present inter-
est, the breaking spherical symmetry is in microscopic
scale, which does not necessarily influence macroscopic
structure of the star, which may remain spherical unless
other macroscopic effects like rotation, magnetic fields
are introduced. However, in future, the plan is to ex-
plore the introduction three-dimensional NC effect, e.g.
fuzzy sphere [28, 31], in white dwarf. It is important to
remember that since we deal with the compact objects,
any NC algebra, whether two- or three-dimensional, is
required to achieve the fact that there is a space depen-
dent noncommutativity which is maximum at the core
and goes to zero at the surface in a phenomenological
way.
The standard approach in the literature to deal with
such problems is to form an equivalent commutative
description of the NC theory by employing some non-
canonical transformation, the so-called Bopp shift, which
relates the NC operators xˆj , pˆj following equation (2.1)
to ordinary commutative operators xj , pj , satisfying the
usual Heisenberg algebra
[xj , pk] = i~δjk, [x , y] = 0 = [px, py] . (2.2)
In our subsequent discussion, we denote NC operators
with the hat notation and commutative operators with-
out hat, and to satisfy the above NC algebra, we use the
following generalized Bopp-shift transformations which is
given by
pˆj = pj +
θ
2~
jkxk, xˆj = xj +
η
2~
pˆj . (2.3)
If the total Hamiltonian of the system is Hˆ, the Dirac
equation for an electron moving in the NC plane satisfy-
ing the NCHA reads
Hˆψ = i~
∂ψ
∂t
= Eψ, (2.4)
where ψ is a two-component spinor of components φ and
χ with the Dirac Hamiltonian is given by
Hˆ = α.pˆc+ βmec
2, (2.5)
4where c is the speed of light and α and β have their usual
meaning. The above gives a pair of equations
(E −mec2)φ = σ.pˆc χ and (E +mec2)χ = σ.pˆc φ,(2.6)
where σ is the Pauli matrix in vector form. On combining
them, we obtain
(E2 −m2ec4) = (σ.pˆ)2c2
= pˆ2c2 + iσ.(pˆ× pˆ)c2
=
[
p2z − σzθ + (p2x + p2y) +
θ2
4~2
(x2 + y2)
+
θ
~
(ypx − xpy)
]
c2. (2.7)
Therefore, we obtain an equivalent commutative Hamil-
tonian in terms of the commutative variables (quantum
mechanical operators) which describes the original sys-
tem defined over the NC plane.
3. ENERGY DISPERSION RELATION
To compute the spectrum of a charged particle in such
a NC spacetime, first of all we need to construct the
ladder operators which will diagonalize the following part
of right hand side of equation (2.7), given by
Hˆ ′ =
[
(p2x + p
2
y) +
θ2
4~2
(x2 + y2) +
θ
~
(ypx − xpy)
]
c2.
(3.1)
The ladder operators involving the commutative phase-
space variables (operators) x, y, px, py, given by
aj =
1√
θ
(
pj − i θ
2~
xj
)
,
a†j =
1√
θ
(
pj + i
θ
2~
xj
)
,
satisfy the commutation relations
[a1, a
†
1] = 1 = [a2, a
†
2]. (3.2)
Further defining a pair of operators
bˆ1 =
a1 + ia2√
2
, bˆ2 =
a1 − ia2√
2
, (3.3)
which satisfy the commutation relations
[bˆ1, bˆ
†
1] = 1 = [bˆ2, bˆ
†
2], (3.4)
the Hamiltonian given by equation (3.1) can be recast in
the diagonal form as
Hˆ ′ = θ(2bˆ†1bˆ1 + 1)c
2. (3.5)
Therefore, combining (2.7) and (3.5), the total energy of
the system is given by
E2(ν) = p2zc
2 +m2ec
4 + 2νθc2, (3.6)
where for spin-up (s = 12 ), ν = n1 and for spin-down
(s = − 12 ), ν = n1 + 1, when n1 is the eigenvalue of the
number operator bˆ†1bˆ1. It is of course important to note
that θ → 0 does not automatically lead to the commu-
tative results as the creation and annihilation operators
(a, a†) are inversely proportional to θ. Hence, as θ → 0,
a and a† behave ‘singular’ hence ν turns out to be huge
(or divergent). However, their product (θν) turns out
to be finite, which, for instance, appears in the energy
expression given by equation (3.6), not θ and ν indepen-
dently. This is exactly the case for Landau quantization
in the presence of external magnetic field, where the mag-
netic field plays the same role of θ here. Indeed in the
quantum mechanics based on Heisenberg algebra, ~ as-
sociated with the phase-space noncommutativity cannot
be chosen to be zero just to reproduce classical results.
4. EQUATION OF STATE OF MATTER
Although the EoS, for the above dispersion relation,
has already been found earlier [6, 19], just for complete-
ness, in this section, we briefly discuss about it. Using
equation (3.6), the Fermi energy EF of electrons for the
νth level is given by
E2F (ν) = p
2
zF (ν)c
2 +m2ec
4 + 2νθc2, (4.1)
where pzF is the Fermi momentum of the electrons. In
dimensionless form, it can be recast as follows
2F (ν) = x
2
F (ν) + 1 + 2νθD, (4.2)
where θD =
θ
m2ec
2 , F =
EF
mec2
and xF (ν) =
pzF (ν)
mec
.
Due to the quantization of the energy levels in the
x − y plane, the modified density of state becomes
(4piθ/h3)dpz. Hence the electron number density and
electron energy density at zero temperature are respec-
tively given by
ne =
νmax∑
ν=0
4pim3ec
3θD
h3
gνxF (ν), (4.3)
u =
4pim3ec
3θD
h3
νmax∑
ν=0
gν
∫ xF
0
E(ν)dx(ν), (4.4)
where gν is the degeneracy such that gν = 1 for ν = 0 and
gν = 2 for ν ≥ 1, which is taken to be the nearest lowest
integer of (2F − 1)/2θD for every F and θD. Therefore
the pressure of the Fermi gas for the electrons is given by
P =neEF − u
=
νmax∑
ν=0
2pim4ec
5θD
h3
gν
[
FxF (ν)
− (1 + 2νθD) log
(
F + xF (ν)√
1 + 2νθD
)]
, (4.5)
5and the mass density is given by
ρ = µempne, (4.6)
where µe is the mean molecular weight per electron and
mp is the mass of a proton.
Now we assume that all the electrons are filled in the
lowest Landau level, which implies that ν = 0. The va-
lidity and condition of this assumption are given below.
For ν = 0,
ρ = QxF (0), (4.7)
and the EoS given by equation (4.5) reduces to
P =
h3
8piµ2em
2
pm
2
ecθD
[
ρ
√
ρ2 +Q2−Q2 log ρ+
√
ρ2 +Q2
Q
]
,
(4.8)
where
Q =
4piµempm
3
ec
3
h3
θD. (4.9)
Let us now look at the asymptotic behavior of this EoS.
For xF (0) >> 1, which corresponds to ρ
2 >> Q2, EoS
further reduces to the following simpler polytropic form
P =
h3
8piµ2em
2
pm
2
ecθD
ρ2 = Kncρ
2 = Kncρ
1+1/n, (4.10)
with the polytropic index n = 1.
However, for the present case, also x2F = 
2
F − 1 > 0
which implies that
2F = 2ν1θD + 1, (4.11)
where 0 . ν1 < 1, particularly at the center and for
ground level (equivalent to the lowest Landau level for the
magnetic case)
√
2F (0)− 1 = xF (0) =
√
2ν1θD, which
implies from equation (4.7)
ρ =
4piµempm
3
ec
3
h3
θ
3/2
D
√
2ν1, (4.12)
when ν1 can have any value below unity for all electrons
to be in the ground level. Rewriting θD in terms of ρ and
substituting it in equations (4.8) and (4.9), we have the
EoS of the degenerate matter of the white dwarf, which
is given by
P =
(
Aν1
ρ2
)1/3 [
ρ
√
ρ2 +Q2 −Q2 log ρ+
√
ρ2 +Q2
Q
]
,
Q =
(
B
ν1
)1/3
ρ2/3,
(4.13)
with
A =
2h3c3
32piµ4em
4
p
, B =
4piµempm
3
ec
3
2h3
.
At large density limit, the above EoS given by equation
(4.13) reduces to
P =
(
h3c3(2ν1)
32piµ4em
4
p
)1/3
ρ4/3 = Kncmν
1/3
1 ρ
4/3. (4.14)
This is the highly relativistic EoS of degenerate electron
gas, which we further use to compute the limiting mass
of the white dwarf in the presence of noncommutativ-
ity. Here ν1 defines how much a Landau level (here the
ground level) fills in.
4.1. Constraining noncommutativity parameter
If we consider the density at center ρc = 2× 1010/V g
cm−3, from equation (4.12), we obtain the central θD of
the star
θD =
(
2× 1010h3
4piµempm3ec
3
√
2ν1V
)2/3
≈ 456
(V µe)2/3ν
1/3
1
. (4.15)
The parameter V is introduced to determine the devi-
ation of ρc from a typical central density giving rise to
the Chandrasekhar mass-limit of a nonmagnetized, non-
rotating white dwarf. For V = 1 of a carbon-oxygen
white dwarf when µe = 2, θD ∼ 287.3 at the center
from equation (4.15). This clearly confirms from equa-
tion (4.12) that from the center to surface, average dis-
tance between the electrons increases as the density de-
creases and, hence, the position and momentum spaces,
both tend to become commutative.
Let us now pay attention to the values of the noncom-
mutativity parameters. As discussed above, at the center
of a white dwarf with ρc = 2 × 1010 g cm−3, we have
θD ∼ 287.3, which implies θ = θDm2ec2 ∼ 2.1× 10−31 g2
cm2/s2. However, the Planck energy is ∼ 2 × 1016 ergs,
which implies the Planck momentum to be ∼ 6.5 × 105
g cm/s. It clearly indicates that our regime of interest
is very far from the Planck’s scale, but it still does not
exactly follow the commutative algebra. This small de-
viation from the commutative algebra is enough to show
the violation of the Chandrasekhar mass-limit. It is also
clear from equation (4.12) that in case of neutron stars
whose ρc is much higher as compared to the white dwarf,
the effect of noncommutativity will be much more sig-
nificant. In both the cases, as density decreases from
the center to surface, it is expected that the physics
would be dominant by the usual commutative algebra,
which is also evident from equation (4.12). At the sur-
face, density decreases practically to zero, which indi-
cates no noncommutativity and the usual commutative
algebra is restored. Moreover, the constant η, introduced
for the position-position noncommutativity in equation
(2.1), represents the typical length scale of the system
6at which the position-position noncommutativity is sig-
nificant. The value of θ/4~2 is ∼ 4.8 × 1022 cm−2 for a
white dwarf with ρc = 2×1010 g cm−3 and is ∼ 2.2×1025
cm−2 for a neutron star with ρc = 2×1014 g cm−3. From
equation (2.1), the value of η has to be chosen in such a
way that the position noncommutativity is much smaller
as compared to the Planck’s scale.
4.2. Scale of noncommutativity in white dwarfs
The scale of NC parameter emerges from inherent
coarse grained/foamy structure of the spacetime whose
fundamental length is obtained as the Planck length [50].
However, quantum physics of matter through coherent
effects brings additional structures to qualitatively en-
hance this length. This kind of expectation of quantum
gravity effects, reflecting in stellar objects under extreme
conditions, have been studied earlier. For example, the
uncertainty in measurement of particular distance ‘L’
was anticipated to be (L L2P )
1
3 , where LP being Planck’s
length. Such an argument is motivated by the arguments
of Salecker and Wigner [51].
The following arguments are given by Ng [52, 53]. Let
us assume the distance between two points A and B to
be L. We can consider a clock of mass m described by a
wavepacket with δ as its spread. It sends a light signal
from A to B which gets reflected and returns back to A
at a time 2Lc . The spread now results in a new spread
δ + 2~ Lmcδ . In addition, GR provides another uncertainty
namely the clock must have size δ ≥ Gmc2 . These two
arguments together yield
δ ≥ (L L2P ) 13 .
Although it is heuristic, it combines both quantum me-
chanical and gravity effects for massive compact ob-
jects with large densities where interparticle distances are
comparable or even much less than the Compton wave-
length.
We can look for measuring the distance between atoms
in white dwarfs. For a white dwarf with density ρ ∼
107 g cm−3, the inter-atomic distance turns out to be
L ∼ (107/mp)−1/3. This works out to be L ∼ 10−10
cm, which is of the order of the Compton wavelength of
electrons. Now, for higher densities such as ρ & 1010
g cm−3, which is for typical super-Chandrasekhar white
dwarfs, we obtain L ∼ 10−12 cm, which is two orders
of magnitude less than the Compton wavelength. The
nature of statistics changing due to NC geometry is ex-
pected to play a crucial role. If we use the scale provided
by the previous argument, we find δ ∼ 10−26 cm, which
is expected to be increased further due to many parti-
cle effects in a white dwarf. For usual white dwarfs, the
inter-electron distance will be more than the Compton
wavelength, thereby conventional Fermi statistics will be
sufficient for getting the equation of state. A word of
caution may be in order here however. The scale of un-
certainty in no way provides the details of NC geome-
try. Therefore, we assume simple generalization of Moyal
plane.
5. OBTAINING MASS-LIMIT
To obtain the interior solution of any star, one needs
to solve simultaneously the mass and momentum balance
equations (together known as Tolman-Oppenheimer-
Volkoff equations or in short TOV equations in GR) with
appropriate boundary conditions. In GR, for static, non-
magnetized fluid, the energy-momentum tensor is given
by
Tµν = diag(−ρc2, P, P, P ),
with ρ being the density and P being the pressure of
the fluid at an arbitrary r. Using the conservation of the
energy-momentum tensor ∇µTµν = 0, the TOV equations
in GR are given by [54]
dM
dr
= 4pir2ρ,
dP
dr
= − (P + ρc
2)
1− 2GMc2r
[
G
r2
(
4pir3P
c4
+
M
c2
)]
,
(5.1)
where M is the mass of the star inside the volume of
radius r and G the gravitational constant. Now we need
to solve these two differential equations simultaneously
to obtain the interior solution of the star with the EoS
given by equation (4.13). The boundary conditions at the
center of the star are M(r = 0) = 0 and ρ(r = 0) = ρc.
On the other hand, at the surface of the star, we have
ρ(r = R∗) = 0 and M(r = R∗) = M∗, the total mass of
the star, where R∗ is the radius of the star. We consider
the central density ρc of the white dwarfs to be varied
from 2×105 g cm−3 to 1011 g cm−3 to avoid the neutron
drip.
Figure 1 shows the mass-radius relation as well as the
variation of the central density with respect to the mass
of white dwarfs for various values of ν1 . 1 along-with the
same for Chandrasekhar’s EoS. It is clearly seen that the
curves attain a peak and then turn back above a certain
ρc, which means that the curves become unstable after
that point, indicating a limiting mass of the white dwarf
for each values of ν1. However, for ν1 = 1/3, the curve
matches with the curve for the Chandrasekhar’s EoS at
low density, which seems to be physical, as most of the
white dwarfs those have been observed are bigger in size
[47] (which correspond to the low density white dwarfs),
following Chandrasekhar’s result. Hence the mass-radius
relation should not be violated from the original mass-
radius relation at low ρc, indicating very negligible effect
of noncommutativity at the lower density. However, at a
higher value of ρc, the mass-radius relation can be signif-
icantly differed from the original one due to the presence
of noncommutativity, and, as a result, the limiting mass
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FIG. 1: Upper panel: The mass-radius relation, Lower panel: The variation of central density with mass of the
white dwarf. Black solid line represents the mass-radius relation found by Chandrasekhar, whereas other lines
represent the same in presence of noncommutativity.
of the white dwarf turns out to be super-Chandrasekhar
with M∗ ∼ 2.6M for ν1 = 1/3, implying the violation
of the Chandrasekhar mass-limit in the presence of NC
geometry.
Now we are going to discuss about the limiting mass
of the white dwarf using Lane-Emden formalism [55, 56].
The hydrostatic balance equations are given by the rela-
tions (5.1) and the limiting form of EoS for the degener-
ate electron gas is given by
P = Kρ1+1/n.
Defining the dimensionless density Θ as ρ = ρcΘ
n, the
above equation can be written as
P
ρc2
=
K
c2
ρ1/n = σΘ, (5.2)
with σ = ρ
1/n
c K/c2. Now, let us introduce the dimen-
sionless distance ξ and dimensionless mass µ such that
r = aξ and µ(ξ) = (1/4piρca
3)M(r), where
a =
[
(n+ 1)Kρ
1−n
n
c
4piG
]1/2
. (5.3)
Using these dimensionless variables, equations (5.1) can
be recast as
dµ
dξ
= ξ2Θn, (5.4)
−ξ2 dΘ
dξ
=
(µ+ σΘξdµ/dξ)(1 + σΘ)
1− 2σ(n+ 1)µ/ξ . (5.5)
These set of equations are known as the Lane-Emden
equation in GR. Note that, for σ → 0, the above equa-
tions reduce to the Newtonian Lane-Emden equations.
Now, the mass of the white dwarf is given by
M∗ =
∫ R
0
4pir2ρdr
= 4pia3ρc
∫ ξ1
0
ξ2Θndξ,
where ξ1 is defined as R∗ = aξ1. From equation (4.14),
it is observed that for the present case, n = 3 and K =
Kncmν
1/3. Hence the mass of the white dwarf is given
8by
M∗ = 4pia3ρc
∫ ξ1
0
ξ2Θ3dξ
= 4pi
[
K3ncmν1
(piG)3
]1/2 ∫ ξ1
0
ξ2Θ3dξ
= 4pi
[
K3ncmν1
(piG)3
]1/2
µ(ξ1),
' 4.5√ν1 M,
which is the limiting mass of the white dwarf. For
ν1 = 1/3, the limiting mass of the white dwarf turns out
to be ∼ 2.6M, which is also confirmed from Figure 1, in-
dicating super-Chandrasekhar limiting mass. This is sim-
ilar to the limiting mass proposed by Das and Mukhopad-
hyay in the presence of magnetic field [7].
Let us now discuss about the significance of the NC
parameter ν1. From equation (4.6) and (4.12), we have
ν1 =
n2eh
6
32pi2θ3
. (5.6)
Let us now recall the quantum Hall effect, which occurs
at high magnetic field and at low temperature in a two
dimensional system. In quantum Hall effect, Hall resis-
tivity ρxy is quantized and it is given by [57]
ρxy =
h
e2
1
f
, (5.7)
where f is the quantization number (also known as the
filling factor) and e the charge of electron. In other words,
the variation of ρxy with magnetic field B shows multi-
ple plateau like structure with the values of ρxy at the
plateaus strictly depending on f . The values of B at the
center of each of these plateaus are given by
B =
hne
fe
, (5.8)
As discussed earlier, in case of NC geometry, B is equiva-
lent of θ, which implies B = kθ with k being a dimension-
ful constant. Hence the above expression can be written
as
f =
hne
ekθ
. (5.9)
Now, from equations (5.6) and (5.9), we have
neν1 =
h3e3k3
32pi2
f3. (5.10)
It is observed that for a fixed ne, ν1 ∝ f3. This implies
that ν1 mimics as the filling factor and hence it represents
how much a level is filled in.
From the above discussion, it is important to recall
that the NC parameter θ is equivalent to the magnetic
field leading to the Landau quantization. Only differ-
ence is that in the conventional Landau quantization,
magnetic field is plausibly imposed externally, while in
the noncommutativity, it is inherent and spin dependent.
The NC parameter is originated from local small-scale
curvature owing the gravitational interaction between the
electrons and is thus a function of inter-electron separa-
tion, hence of the local density. Therefore, θ decreases
from higher density center to lower density surface, as is
evident from equation (4.12), leading to the commuta-
tive picture as expected at low density. This scenario is
similar to the presence of the magnetic field inside stars
and of its strength. Therefore, white dwarfs with lower
central density should follow Chandrasekhar’s EoS only
and the corresponding mass-radius relation, unlike what
is emerged in other exploration [19], which appears to be
unphysical.
6. CONCLUSIONS
While the idea of noncommutativity of space as well
as momentum coordinates is there for quite sometime,
there is no direct observational evidence which argues
for its indispensable presence. It has been believed for a
long time that the effect of noncommutativity is promi-
nent only in the early universe, particularly at the Planck
scale, when the density of matter was extremely high.
On the other hand, the evidences for at least a dozen
of over-luminous peculiar SNeIa argue for highly super-
Chandrasekhar progenitor white dwarfs with a limiting
mass much larger than the Chandrasekhar-limit. Such a
highly super-Chandrasekhar mass-limit is quite evident
if the components of position and linear momentum in
a plane are assumed to be noncommutative (but in a
much weaker scale than those in the Planck regime). This
in turn affects the white dwarf matter statistically and
hence the underlying EoS. This modified EoS leads to
a super-Chandrasekhar limiting mass. Earlier attempts
to explain super-Chandrasekhar white dwarfs and new
limiting mass based on magnetic fields, modifying Ein-
stein’s gravity, etc., encounter their respective uncertain-
ties which may further need to pay attention to repair
based on additional physics. In the NC premise, only
required hypothesis is that position and momentum co-
ordinates are related differently at a smaller length scale.
Thus, over-luminous peculiar SNeIa suggest possible ob-
servational evidences for noncommutativity.
In this analysis based on noncommutativity both in the
position and momentum variables, we have arrived at a
new mass-limit of the white dwarfs which is ∼ 2.6M.
This is completely viable with the current observation
data, unlike the earlier authors found the mass-limit to
be very high [19], which is totally unrealistic. Moreover,
we have shown that the NC parameter ν1 behaves like
the filling factor for the Landau levels in presence of the
magnetic field. To obtain the correct mass-limit of the
white dwarfs, it is extremely important to figure out the
exact value of ν1. We have obtained the value of ν1 = 1/3
by matching the mass-radius relation for the low density
9white dwarfs. However, generically electrons in white
dwarfs throughout not necessarily be lying in the ground
level, hence ν need to be always 0 unlike the present
simplistic approach.
The present result also enlightens the progenitors of
SNeIa which is still a big question. If high density of-
fers NC geometry leading to a new super-Chandrasekhar
mass-limit explaining peculiar over-luminous SNeIa, con-
ventional SNeIa, particularly relatively low luminous
SNeIa obeying the pure detonation limit or even com-
bined detonation and deflagration processes [58, 59], may
be double-degenerate scenario. Also at what length scale
exactly how coarse grained/foamy structure emerges in
the spacetime is quite uncertain, which is expected to
result in a wide range of SNeIa luminosities.
In future, these super-Chandrasekhar white dwarfs
may be detected by the space-based gravitational wave
detectors like LISA, DECIGO, etc. [11], and then the
significance of noncommutativity in white dwarfs will be-
come prominent.
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